Using a simple model of multi-band superconductors, which can be applied in particular to Fe-based pnictides, we calculate the Josephson current I J in a tunnel junction composed by such superconductors. We employ the tunneling Hamiltonian method and quasiclassical Green's functions. We study both the case of coexistence of the superconducting (∆) and magnetic (SDW-spin density wave) order parameters and the case when only the superconducting order parameter exists. We show that the current I J depends on the mutual orientation of magnetization of the SDW in the case of non-ideal nesting when the coexistence of superconducting and magnetic order parameters is possible as it takes place in Fe-based pnictides. It is found that the realization of the π-junction is possible in both cases. We compare our results for multi-band superconductors without the SDW with those obtained earlier and find that they coincide if the tunneling matrix elements are real. If these elements are complex, a new term appears in the formula for the Josephson critical current.
Introduction. The superconducting order parameter (OP) in the BCS model ∆ is either constant or angle-dependent as it occurs in anisotropic superconductors.
1 Superconductors of new types discovered in last decades are characterized by a more complicated OP. For example, the OP in high-T c superconductors depends on angles and in some of them corresponds to the singlet, so-called d-wave pairing. This means that the OP changes sign in certain directions and therefore nodes arise in the excitation spectra 2 .
The OP in the recently discovered superconducting materials-Fe-based pnictides, which have rather high T c (∼ 60K ) 3 -is also nontrivial. These materials belong to a class of multi-band superconductors; their band structure consists of electron and hole bands. The OP in these bands may have not only different amplitudes but also opposite signs. If the OP in the hole and electron bands have different signs, one speaks of the s +− -pairing-in contrast to the the s ++ -pairing in case of the same signs of the OP in different bands (see, for example, reviews [4] [5] [6] [7] [8] [9] [10] . Investigating the structure of the OP in different types of superconductors is a very important task since this study may shed light on the mechanism of superconductivity in these materials.
One of the effective methods to determine the structure of the OP is the measurement of the Josephson current. For example, the sign change of the OP in high-T c superconductors has been proven in experiments, in which the critical Josephson current I c was measured in a setup containing two Josephson junctions connected by a superconducting loop (i.e., on SQUID) 2 . The dc Josephson effect in multi-band superconductors has been studied theoretically in many papers [11] [12] [13] [14] [15] [16] [17] [18] [19] . The calculations in Refs. 12 and 13 are focused on the multi-band superconductor MgB 2 , whereas the main attention of the authors of Refs. 14-19 is paid to the Fe-based pnictides. Agterberg et al. 12 have shown that the Josephson S/I/S mb junctions may have a negative critical current I c if the OP ∆ is negative in some of the bands (here, S and S mb mean single-band and multiband superconductors, respectively, I stands for an insulating layer). This idea allows a simple physical interpretation. The Josephson current I c in an S/I/S mb junction can be written as I c ∝ α ∆∆ α /R α , where R α is the resistance for electron transitions from the S superconductor to the band α in the S mb superconductor. It is clear that if ∆ α is negative, for instance in the band with α = 1, the current I c may be also negative. This happens provided the resistance R 1 is sufficiently small. The ground state of the Josephson junction with negative I c is called the π-state.
Note that the existence of the π-state of the Josephson junction is interesting in itself because such junctions can be used in practical applications (see, e.g., Ref. 20 and references therein). The π-state is realized in S/F/S Josephson junctions and is being studied very actively (for reviews see Refs. [21] [22] [23] [24] . Therefore, there is a need both from the point of view of fundamental research and of the future applications to study the possible realizations of the π-state in Fe-based pnictides. In all publications mentioned above the presence of the spin density wave (SDW) in these materials is ignored. On the other hand, it is known that there is a region on the T -x-plane (temperature and doping level) where the superconducting and magnetic (SDW) phases coexist.
In the present paper we calculate the Josephson current I c in tunnel junctions formed by multi-band superconductors with and without the SDW, i.e., in the (S mb + SDW)/I/(S mb + SDW) or S mb /I/S mb junctions, where (S mb + SDW) stands for a multi-band superconductor with a spin density wave. We show that in junctions with the SDW the critical current I c consists of two terms. The first one is proportional to ∆ l ∆ r and does not depend on the angle between the magnetization vectors m l,r in the SDW on the left (l) and on the right (r). The second term is pro-portional to ∆ l ∆ r (m l · m r ). This means that this component can be negative and, as we will show, it can prevail so that I c ∝ cos(2θ), where 2θ is the angle between the vectors m l and m r . Thus, I c may be negative in such junctions. We also find the Josephson current in the S ++ /I/S ++ , S +− /I/S +− and S ++ /I/S +− junctions in the absence of the SDW.
System under consideration. Model. We consider a tunnel S mb /I/S mb junction. Each superconductor on the left and on the right is described by the Hamiltonian H l,r which contains the superconducting and magnetic energies taken in the mean field approximation [25] [26] [27] . Transitions of electrons between superconductors is described by the tunneling Hamiltonian (1) where the matrix elements T αβ describe the electron tunneling between the same bands if α = β, T αα ≡ T α , and between different bands if α = β. In the latter case one has T αβ = T * βα for the identical superconductors at the left and right. We assume that the matrix elements T αβ do not depend on momentum p counted from the center of the valley. The band α = 1 (resp. 2) is assumed to be the hole (resp. electron) band. TheĈ ≡Ĉ αns operators are related to theâ α operators as follows:Ĉ αns = A ns for α = 1 and C αns = B ns for α = 2. In the hole band one hasÂ 1n↑ =â † 1↓
for n = 1 andÂ 1n↑ =â 1↑ for n = 2. In the electron band the relationsB 2n↑ =â 2↑ for n = 1 andB 2n↑ =â † 2↓
for n = 2 take place. One can see that the labels α, n and s are the band, Gor'kov-Nambu and spin indices, respectively.
The operatorĤ T can be written in terms of the matriceŝ ρ,τ andσ operating in the band, Gor'kov-Nambu and spin spaces:Ĥ T =Γ ·τ 3 . Here, the matrixΓ is given bŷ
where
The matricesX αns are defined asX αns =ρ α ·τ n ·σ s . It is worth making an important note. As is known, in tunnel junctions composed by single band superconductors, the rela-
holds which is a consequence of the time reversal symmetry. Therefore, the matrix elements T 1,2 that describe tunneling between identical bands are real if we assume that these matrix elements do not depend on momenta p and p ′ . However, the matrix element V ≡ T 12 describes tunneling between different bands. In this case, the initial and final states are different and the idea about time reversal symmetry is not applicable. Moreover, the matrix elements T αβ are determined by the nature of scattering at the interface, which can be timereversal symmetry breaking. Within the limits of the approach used we only can treat the matrix elements T 12 as phenomenological input parameters and consider them as complex in order to keep the description as general as possible, i.e., V = ℜ(V ) + iℑ(V ).
One can obtain the Eilenberger-like equation for quasiclassical Green's functions in the, e.g., right electrode with the self-energy partΣ T,r which is related to the tunneling Hamiltonian:Σ T,r =Γ ·ĝ l ·Γ †28 . The matrixĝ l in the selfenergy partΣ T,r is the quasiclassical Green's function in the left electrode. It can be found from the Eilenberger equation neglecting the self-energyΣ T,r since we assume small tunneling probability (the method of quasiclassical Green's functions is described in reviews 31-34). In the case of ideal nesting, this matrix function is given in Ref. 28 . If the nesting is not ideal, this function acquires a more complicated form.
Josephson current. From the generalized Eilenberger equation one obtains the rate of the charge variation with time, e.g., in the right electrode: 
where c 1 = πeN l (0)N r (0)/16, the angle brackets 〈. . .〉 mean the angle averaging in the momentum space andĝ l,r (ω) are the Green's functions in the left (right) electrodes in the Matsubara representation. This expression for the Josephson current is rather general. It is applicable both to systems with an SDW (e.g., Fe-based pnictides with non-ideal nesting) and to systems, where only the superconducting order parameter exists in different bands. The quasiclassical Green's functionsĝ have different form in these systems. SC without SDW. First, using Eqs. (2-3) we calculate the Josephson current in a tunnel junction formed by multiband superconductors with no magnetic order. The quasiclassical Green's functionĝ = gX 030 +f consists of the normal (the first term on the right) and the condensate (Gor'kov's) functionf . In the absence of a voltage, the trace in Eq. (3) is not zero only for the condensate component, which has here the form 27 (we assume
where D = ω 2 + ∆ 2 and ϕ is the phase difference between the left and the right superconductors, set to be the phase difference between the order parameters in the electron bands; then, the phase of the order parameter in the hole band is ϕ h = π − ϕ/2. We calculate the current I J for different junctions consisting of the same materials of the left and right electrodes: a) S ++ /I/S ++ , b) S +− /I/S +− and c) S ++ /I/S +− . The only difference between the superconductors S ++ and S +− is that the phases in the bands 1 and 2 in S +− differ by π, meaning that the order parameters ∆ 1 and ∆ 2 have opposite signs, ∆ 1 = −∆ 2 ≡ ∆. In the symmetric cases of identical superconductors forming the junction we obtain the standard formula I J = I c sin ϕ with different critical current
is the resistance of the junction in the normal state. In the case of an asymmetrical S ++ /I/S +− junction we obtain a quite different result
As follows from Eqs. (5) and (6), in case of real tunneling matrix elements T 1,2 and V , the critical current may be negative in junctions S +− /I/S +− and S ++ /I/S +− . In the first case, I c is negative if the interband transitions dominate, i.e., T 1,2 ≪ V . In the S ++ /I/S +− junction, I c changes sign at |T 1 | 2 < |T 2 | 2 . These results resemble those obtained in Refs. 12, 13, [15] [16] [17] [18] [19] , where the Josephson current in junctions of the type S/I/S mb has been studied.
However, if the tunneling matrix elements T 12 are complex, the obtained results do not reduce to those established earlier [12] [13] [14] [15] [16] [17] [18] [19] . Especially interesting is the result for the critical current in an S ++ /I/S +− junction. In this case, the Josephson current has the form: I c ∝ I c1 sin(ϕ) + I c2 cos(ϕ). This means that a spontaneous current arises even at zero phase difference; or a finite phase difference is established across the junction in a disconnected circuit. The presence of a spontaneous condensate current has been established earlier in different systems where the time-reversal symmetry breaking (TRSB) takes place. For example, this current arises in a superconducting loop containing a π-Josephson junction 35, 36 or in SF bilayer 37 . Note that there is a similarity of this effect and the anomalous proximity effect in S +− system studied in Refs. 14, 19, and 38.
? In these papers, tunnel junctions of the S +− /I/S type were considered, and it was shown that at some values of coupling constant between different bands, a finite phase difference ϕ not equal to π arises in the system in the ground state in the absence of the total current. The mechanism of the appearance of a finite phase difference ϕ 0 in our system is completely different. First, we consider an S ++ /I/S +− junction with multi-band superconductors on both sides. Second, in our case, the phase difference ϕ 0 arises only if the interband transitions take place and the probability amplitude V for these transitions has a non-vanishing imaginary part, i.e., ℑ(V ) = 0. In the frames of the tunneling Hamiltonian method (THM) one can not estimate the magnitude of V because the tunneling matrix elements in this theory are considered as phenomenological parameters (in order to calculate them, one has to go beyond the THM). On the other hand, there are no reasons to regard them as real quantities.
SC with SDW. Now, we consider the most interesting case of the non-ideal nesting when the superconducting (∆) and magnetic (SDW) order parameter may coexist in a certain interval of doping level x and temperature T 25,26 , i.e., we introduce a parameter δµ p , describing the mismatch of the effective Fermi surfaces of the bands. Then, 
. That is, the matricesĝ +− andĝ ++ have a rather complicated form. In our notations for the S +− system we follow previous papers 27, 28 and the quantities with tilde denote the according ones in the S ++ system. However, only two terms-g 323X323 , g 100X100 inĝ +− and g 023X023 , g 130X130 inĝ ++ -contribute to the Josephson current.
If the phases ϕ/2 are different (±ϕ/2) and the angle θ = 0 (see Fig. 1 ), the Green's functions in the left (right) superconductorsĝ l,r (ϕ, θ) are expressed through the matricesĝ (0, 0) with the help of the unitary transformations:
±ϕ , where the signs ± relate to the left (right) electrodes. The transformation matrices are:Ŝ ±ϕ = exp(±iX 330 ϕ/4) andR ±θ = exp(±iX 331 θ/2). They can be called the rotation matrices in the Gor'kovNambu and spin spaces.
In the symmetric cases of S ++ /I/S ++ and S +− /I/S +− junctions we obtain for the Josephson current I J = I c sin ϕ with
and
respectively, whereg
n . We see that the angle-independent part in Eqs. (7) and (8) (the terms in the square brackets) qualitatively has the same form as in Eq. (5), but the numerical factor (g ′ 023 ) is different and depends on the deviation from the ideal nesting δµ p .
However, in the case of the non-ideal nesting, δµ p = 0, a new term proportional to cos(2θ) arises in the expression for the critical Josephson current. This means that the Josephson current depends on mutual orientation of the magnetization vectors in the SDW. This term in the current survives even if all the tunnel matrix elements are real.
In the case of the S ++ /I/S +− junction we obtain no angle dependent part, and the formula for I J looks similar to the corresponding expression for the case of the absence of the SDW order but with modified coefficients due to the presence of the SDW and the non-ideal nesting, i.e.,
π-state. In principle, the realization of the π-state is possible in all three cases. The case c) of the S ++ /I/S +− junction is discussed above. In the cases a) and b), i.e., in the S ++ /I/S ++ and S +− /I/S +− junctions it is possible to have the change of the sign of the critical current near T c for sufficiently large ratio of T s /T c , where T s is the transition temperature for the SDW to normal state.
However, the π-state is most easily realized and observed in the S +− /I/S +− junction, where the cos(2θ) term plays an important role. This, together with the mechanically favorable properties of the Fe-pnictides 29, 30 , makes the S +− /I/S +− junction very attractive for possible applications in the quantum devices. In particular, the possibility of creating wires allows one to think of the realization of the socalled φ-junction (arbitrary phase shift, not only 0 or π) out of pieces of Fe-pnictide wire, put together mutually rotated and separated by an insulating layer-a chain of Josephson junctions.
Discussion. Starting from a simple model of multiband superconductors with or without an SDW (this model is applicable to the Fe-based pnictides) and a tunneling Hamiltonian, we calculated the dc Josephson current in the junctions consisting of such superconductors separated by an insulating layer: a) S ++ /I/S ++ , b) S +− /I/S +− and c) S ++ /I/S +− , where the indices indicate the pairing of the superconducting OP of the system. We focused mainly on the case when the superconducting OP coexists with the SDW, but for completeness we analyzed the case of the absence of the SDW. Even in this case the Josephson current has an unusual phase dependence if the interband tunneling matrix element V has a non-vanishing imaginary part.
The most interesting result is obtained for the case of coexistence of the SC and SDW order parameters (non-ideal nesting in Fe-based pnictides). In this case the critical current I c contains a term I c (θ) that depends on the angle between magnetization vectors in the SDW at the left and right side-I c (θ) ∝ cos(2θ). This term allows the identification of the s +− pairing and, on the other hand, the realization of the π-state of the S +− /I/S +− junction.
